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Introduction
Mathematical modelling of near-surface wave fields is of major importance for numerous technical applications, including in particular non-destructive testing, reduction of ground vibrations induced by high-speed trains, and earthquake protection with a fresh interest in the design of seismic meta-surfaces [1, 2] . It has also attracted attention due to its relevance in the design of smart surfaces and flexible electronic devices [3] [4] [5] . A recent trend in the theory of surface waves is concerned with development of hyperbolic-elliptic asymptotic models that capture the contribution of surface waves to the overall dynamic response when surface tractions are prescribed [6, 7] . Within these formulations, the propagation of the Rayleigh wave is described by a hyperbolic equation along the surface (more precisely a forced wave equation), with decay into the interior governed by quasi-static elliptic equations. They are derived by perturbing the solution for the forced dynamic equations in linear elasticity around the eigensolution, corresponding to surface waves of arbitrary profile that have been studied by Sobolev [8] , Friedlander [9] and Chadwick [10] for the plane strain case, and recently extended by Kiselev & Parker [11] to the three-dimensional set-up. We also mention extensions to anisotropy addressed in Achenbach [12] , Parker [14] , Prikazchikov [13] . The approach in Kaplunov et al. [7] was later adapted for a coated half-space [15] . It also led to elegant explicit approximate solutions for the near-resonant regimes of a moving load on an elastic half-space [16, 17] . A more systematic exposition of this methodology may be found in Kaplunov & Prikazchikov [16, 18] . This approach is of obvious interest in the modelling of the aforementioned seismic meta-surfaces, due to drastic simplification coming from neglecting the contribution of bulk waves, which is usually not significant in analysing the near-surface dynamics. Some preliminary results have been reported in Ege et al. [19] , dealing with the effect of an array of oscillators attached to the surface of an elastic half-space. At the moment, the hyperbolic-elliptic models for surface waves are known for isotropic media, with apparently the only exception of a recent contribution, Nobili & Prikazchikov [20] , that is restricted to a special type of orthorhombic symmetry, for which surface waves decay exponentially with no oscillations and are thus similar to those in the isotropic context. On the other hand, free harmonic surface waves have already been well studied for a variety of crystal symmetries (e.g. [21] ) with the important issue of existence/uniqueness resolved by Stroh [22] , Barnett & Lothe [23, 24] and Chadwick & Smith [25] . However, treatment of Rayleigh waves caused by surface tractions appears to be far less straightforward. In this paper, we derive a reduced model for the surface dynamics of a generally anisotropic elastic half-space.
The rest of this paper is organized as follows. First, in §2 we present a brief summary of the state of the art of the surface wave theory, in particular the Stroh formalism and the method of surface impedance matrix, for a generally anisotropic half-space. Then, in §3 the hyperbolic equation for the surface displacement is derived, generalizing the previously obtained ones for isotropic and orthotropic media. As in Kaplunov et al. [7] , a slow-time perturbation procedure is employed, that yields the Rayleigh wave eigenform at leading order, and it is at the next order that we arrive at a hyperbolic equation for surface displacement by imposing a solvability condition. Section 4 contains a discussion of the obtained formulation, and its comparison with known results for isotropic and orthotropic media, including solution for the Lamb problem. As nontrivial applications of our reduced model, we next consider in §5 a simple meta-surface model that involves a half-plane subject to a periodic array of mass-spring oscillators. Illustrative numerical results are used to show that the reduced model can describe the dispersion curve accurately over a larger parameter regime than expected. Then in §6 we consider propagation of travelling waves in a coated elastic half-space that is also subjected to a finite deformation. It is shown that the problem may be reduced to one involving the coating layer only, and the branch of the dispersion curve associated with the Rayleigh type mode is well approximated by using the reduced model when the coating layer is much softer than the half-space. The paper is concluded in the final section with a summary and a discussion of possible extensions of the present study.
Summary of the surface wave theory
We consider a generally anisotropic elastic half-space defined by
relative to a rectangular coordinate system with coordinates (x i ). Free surface waves are governed by the equation of motion 
and the decay condition
where c ijkl are the elastic moduli, ρ is the density, u i denotes the displacement vector field, and equation (2.2) 1 serves to define the traction vector field t with components t i . Throughout this paper, we use a comma to signify partial differentiation, a superimposed dot to denote material time derivative, and we employ the summation convention on repeated indices. To construct a surface wave solution, we first try a travelling-wave solution of the form u = a e ikpx 2 · e ikθ and θ = x 1 − vt, (2.4) where k > 0 is the wavenumber, v the speed, and the constant p and amplitude vector a are to be determined. On substituting (2.4) into (2.1), we find that p and a are determined by the matrix equation
5)
where I is the identity matrix, the superscript 'T' denotes matrix transpose, and the components of the three matrices T, R, Q v are defined by
Under the assumption that c ijks satisfies the strong convexity condition, the values of p determined by (2.5) cannot be pure real when v = 0 and they will remain complex until v =v at which at least one pair of these values first become pure real. Thev is usually referred to as the limiting speed [25] and surface waves with v <v are said to be subsonic. An elegant result in anisotropic elasticity is that a unique free-surface wave should normally exist except in some special cases [23] .
To characterize the free-surface wave solution, we assume that v <v and denote by p (1) , p (2) , p (3) the three values of p with positive imaginary parts and a (1) , a (2) , a (3) the associated solutions for a. Then a general solution that satisfies the decay condition (2.3) is
where c 1 , c 2 , c 3 are constants, (1) , a (2) , a (3) ] and c = [c 1 , c 2 , c 3 ] T , and e ikpx 2 denotes the diagonal matrix diag {e ikp (1) x 2 , e ikp (2) x 2 , e ikp (3) x 2 }.
The boundary condition (2.2) can be written as
On substituting the general solution (2.7) into (2.8), we obtain Bc = 0, where At this juncture, we introduce the surface-impedance matrix M [26] through t = kMu at x 2 = 0. It can then be deduced from (2.7) and (2.8) that
(2.10)
In terms of this matrix, the boundary condition Bc = 0 may be rewritten as
We remark that it is advantageous to use M instead of B. Among the many useful properties of M, we mention that M is Hermitian so that the secular equation det M = 0 for the surface-wave speed is real even for the most general anisotropic material [22] . In the early studies on surface waves, it was not realized that the secular equation for the wave speed could always be written as a real equation, and as a result it was thought that existence of surface waves in anisotropic materials could only be exceptional (e.g. [21] ). Also, all the eigenvalues of M are monotone decreasing functions of v [24] . As a result, whenever a surface wave exists it is unique, which is a useful property when det M = 0 is solved numerically. The surface-impedance matrix also has many applications other than in the surface-wave theory (e.g. [27] ). There now exist very efficient methods for computing this matrix. Firstly, this matrix has an integral representation given by
This integral representation was first derived by Barnett & Lothe [28] , and later re-derived by Mielke & Fu [29] using a different procedure. Secondly, the surface-impedance matrix can also be computed with the aid of the matrix Riccati equation [30] [31] [32] 
A new perspective on (2.12) and (2.13) has also recently been given by Norris & Shuvalov [33] and Norris et al. [34] in terms of the matrix sign function. Finally, when x 3 = 0 is a plane of material symmetry, this matrix has a simple and explicit expression [27, 35, 36] . A simple method for computing the surface-wave speed v and the corresponding M is as follows. Increase v gradually from v = 0 and at each step use (2.12) to evaluate M and hence det M. As soon as det M changes sign, use the corresponding values of M and v as an initial guess and solve (2.13) and det M = 0 simultaneously to find M and v accurately. Such calculations can be carried out using, for instance, the software package Mathematica [37] . Alternatively, we may solve (2.13) and det M = 0 simultaneously with the use of the command NSolve on Mathematica. Although this gives multiple solutions, the solution that satisfies our requirements must be semipositive definite and is unique [32] .
In the following, we assume that v R has been determined as the unique solution of det M = 0, M 0 denotes M evaluated at v = v R , and d the corresponding normalized non-trivial solution of (2.11) 1 (so that M 0 d = 0 and |d| 2 = d ·d = 1). In the plane-strain case, M 0 must necessarily take the form
We may then take
With the use of (2.11) 2 , the solution (2.7) may be written as We observe that this solution is only valid for k > 0. When k < 0, we would need to usep 1 ,p 2 , p 3 in the construction of the general decaying solution (2.7), where an overbar denotes complex conjugation. As a result, when k < 0, we have
It then follows that
and we remark that this rule of defining a k-dependent function when k is negative in terms of the same function when k is positive applies to all k-dependent functions in our subsequent analysis. To facilitate analysis later, we define a new vector function z through 19) and observe that it satisfies the differential equation 20) and the boundary condition
as well as the decay condition z(x 2 ) → 0 as x 2 → ∞. As remarked above, for k < 0 we have z(k, x 2 ) = z(−k, x 2 ). We may also rewrite (2.19) in the form z(k, x 2 ) = e −kx 2 E d, (2.22) where the matrix E is related to M by
see [32] . On differentiating (2.13) with respect to v, we obtain
where M denotes dM/dv evaluated at v = v R , and hereafter all quantities dependent on v are also evaluated at v = v R unless otherwise stated. The solution of this Liapunov matrix equation is given by
from which we obtaind
where the constant N is defined by
The last two expressions will appear in our analysis later. For an isotropic elastic half-space, we introduce the notations
which are obviously connected by the identity (1 − k 2 2 ) = κ 2 (1 − k 2 1 ), where λ and μ are the Lamé constants. It can then be shown that p 1 = ik 1 , p 2 = ik 2 , and
We then have
and so the secular equation determining the surface wave speed v R is given by
Reduced dynamic model
To motivate the following analysis, we first note that the inhomogeneous ordinary differential equation
governs the oscillation of a simple harmonic oscillator with natural frequency ω 0 that is forced to oscillate at frequency ω. The forced oscillation is given by x = sin ωt/(ω 2 0 − ω 2 ), and when ω is close to ω 0 , near-resonance occurs and the leading-order term of the solution is given by
It is seen that the solution is of order 1/ , and the solution evolves on two time scales, represented by t and t, respectively; see Kaplunov & Prikazchikov [18] for further details. When a half-space is subjected to a surface load (e.g. a high speed train) that is travelling with a speed close to the surface wave speed, the induced surface displacement has a similar behaviour. More generally, when the surface of a half-space is subjected to an impact, it is expected that a surface wavefront will result that corresponds to the surface wave residue when the Fourier transform is applied to solve the impact problem. The surface wavefront will also evolve in a similar manner [7] . Thus, we now use the small positive parameter to characterize the distance from the surface wavefront, and we introduce a slow time variable
so that under the transformation (
the last relation may be replaced by
We now assume that a surface traction t (0) of order O(1) is applied on x 2 = 0, and we look for an asymptotic solution of the form On substituting this expansion into (2.1) and (2.2), and equating the coefficients of −1 and 0 , we obtain Tu (1) ,22 + (R + R T )u (1) ,θ2 + Q v u (1) ,
,θ = 0, on x 2 = 0, (3.4) Tu (2) ,22 + (R + R T )u (2) ,θ2 + Q v u (2) ,θθ = 2ρu (1) ,tτ , 0<
and Tu
The leading-order problem (3.3) and (3.4) can be solved by Fourier transform. The solution is given by
Throughout this paper, we use both F [g] andg to denote the Fourier transform of a function g, which is defined by the equation with '≡' in (3.8) .
To solve the second-order problem, we first apply Fourier transform to (3.5) and (3.6) to obtain Tũ (2) , 22 
and Tũ (2) ,2 + ikR Tũ 
,2 + ikR Tũ(2)
where in obtaining the second equation above use has been made of (3.10). On replacing the l.h.s. of (3.9) in (3.11) by the right-hand side of (3.9), we obtain
With the further use of (2.25), the last equation may be reduced to
2ρN
Denoting −1ũ(1) (k, 0, τ ) = −1 f (k, τ )z(k, 0) byṽ(k, τ ), which is the Fourier transform of the leadingorder displacement field, we then have where '⊗' denotes tensor product. Since according to (2.19) , z(k, 0) is equal to d when k > 0 andd when k < 0, the above expression may be rewritten as
with K 1 and K 2 denoting the real and imaginary parts of the left-hand side, we have
and so equation (3.15 ) may be reduced to
where use has been made of the fact that
In the above equation, p.v. denotes 'principal value'. On inverting (3.17), we obtain 2ρN
where the star denotes integral convolution. In terms of the original variables, this takes the form
This is the evolution equation that governs the leading-order surface elevation near the surface wavefront.
Validation
To validate the above evolution equation, we now specialize to the case when the elastic half-space is isotropic. We have m 3 ≡ 0 and
Thus, denoting the two components of −t (0) by (P 1 , P 2 ), we have
If, for instance, P 1 = 0, we obtain from (3.20)
This may be compared with eqn (98) in [18] , namely, 
To this end, we first compute
In the view of (2.26) 3 , the equivalence of (4.1) 1 and (4.2) then hinges on the validity of
The last identity is indeed valid because the difference of the two sides can be shown to be proportional to 4k 1 k 2 − (1 + k 2 2 ) 2 which is zero; see (2.28). Agreement with the result of [20] for the orthorhombic case can be achieved by using the fact that in this case the m 3 in (2.14) is zero, and the other three components are given by [32] 
As another validation of our general evolution equation (3.20) , we now solve it subject to the boundary condition
where g is a constant vector.
Applying Fourier transform to (3.20) , we obtain
5)
Bothũ and ∂ũ/∂t are zero for t < 0 due to causality. It then follows that:
where the second jump condition is obtained by integrating (4.5) from t = 0 − to t = 0 + . On solving (4.5) for t > 0 subject to the two conditions above, we obtaiñ
Fourier inverting the above expression with the use of the shifting property and the fact that F [δ(x)] = 1 and F [1/(iπ x 1 )] = −sgn(k), we obtain The part of this result that represents the right-travelling wavefront may be compared with eqn (22) in [38] which is rewritten in appendix A as equation (A 3) in the current notation. Agreement then hinges on the establishment of the identity
where Res stands for 'residue'. This may be proved by making use of the fact that the tensor product d ⊗d, which was written as 
where use has in turn been made of Jacobi's identity, (4.9) and (2.24). In the above equations, the (detM) denotes differentiation of detM(v) with respect v followed by evaluation at v = v R . To conclude this section, we point out a simple interpretation of the evolution equation (3.20) . We observe that if u is assumed to depend on x 1 and t through x 1 − v t , then in the Fourier space equation (3.20) 
which, upon the further use of (4.8), becomes
In consistency with the limit taken, this is equivalent to
This is recognized to be the leading-order expansion of (4.13) in the limit v → v R ; see the definition of the surface impedance matrix M above (2.10).
A half-space coated with an array of resonators
As a non-trivial application of our reduced model, we now consider an array of flexible rods that are clamped to the surface of the half-space. The longitudinal oscillations of the rods due to harmonic forcing at the base are governed by It can easily be shown that for each vibration frequency ω, the above system admits a solution of the form w = − Pc 0 Ehω sin ωH/c 0 cos ω c 0 (x 2 + H) e iωt , (5.4) where c 0 = √ E/m. It then follows that at the interface x 2 = 0, we have
We observe that values of ω that satisfy tan(ωH/c 0 ) = 0 are natural frequencies of each rod with both ends free, whereas values of ω that satisfy tan(ωH/c 0 ) = ∞ are natural frequencies of each rod with the end x 2 = −H free and the end x 2 = 0 fixed. At the latter frequencies, the half-space would behave as if it were clamped at the surface and no non-trivial solutions can exist since it is well-known that a clamped elastic half-space cannot support surface wave solutions. This implies that the surface resonators will necessarily give rise to band gaps. What remains to be done is to characterize where and how wide they are. Focusing now on waves whose wavelength is much larger than the gap width a between the rods, we may assume that the above forces are continuously distributed over the surface with density (P/a)e iωt . Thus, the effective traction boundary condition for the half-space is
where e 2 is the basis unit vector in the We now compare the performance of the asymptotic dispersion relation (5.9) against its exact counterpart (5.11). For numerical illustrations, we shall consider a representative fibre-reinforced material with moduli given by c ijkl = λδ ij δ kl + μ t (δ ik δ jl + δ il δ jk ) + α(δ ij a k a l + a i a j δ kl ) + βa i a j a k a l + (μ l − μ t )(a i a k δ jl + a i a l δ jk + a j a k δ il + a j a l δ ik ), (5.13) with λ, α, β, μ t , μ l material constants and a i the preferred direction (e.g. Spencer [39] ). These constants are related to Young's moduli E l , E t and Poisson's ratio ν lt through
We shall take ρ = 1852 kg m −3 , ν lt = 0.324 and (E l , E t , μ l , μ t ) = (42.7, 11.6, 4.69, 6.07) GPa, (5.14) given by Rikards et al. [40] for a typical glass-epoxy composite.
For the resonators, we take a = 2m, h = 0.3m, H = 14m, E = 1.7 GPa, ρ t = 450 kg m −3 .
We take m 1 = cos φ, m 2 = sin φ with φ denoting the angle between the preferred/fibre direction (the l-direction) and the x 1 -axis (the direction of wave propagation). We define
so that the surface impedance matrix is a function of v R Ω/K. The surface wavefront corresponds to Ω/K = 1 and (subsonic) decaying waves can only exist for v R Ω/K <v, that is
where the limiting speedv is computed by using its definition (namely that it is the value of v at which at least one pair of values of p determined by (2.5) become pure real). A typical set of results for the dispersion curve is shown in figure 1 , corresponding to φ = 0. The solid black lines and dashed cyan lines represent the exact and asymptotic results, respectively, whereas the black dotted line represents the surface wave line Ω = K. We make the following observations. First, the introduction of surface resonators gives rise to an infinite number of band gaps. For each band gap, the upper frequency limit corresponds to the intersection of the dispersion curve with the shear wave line Ω = (v/v R )K that is always above the surface wavefront Ω = K. Except for the first branch that starts from the origin, each higher branch of the dispersion curve would initiate at the shear wave line and asymptote to a solution of tan(ωH/c 0 ) = ∞. This asymptotic limit defines the lower limit of each band gap. For the case considered in figure 1 , the first three band gaps are given, respectively, by Second, although the asymptotic dispersion curve is only meant to be valid near the surface wave line, it is in fact also valid when the lower limit of each band gap is approached. This is due to the fact that this behaviour is dictated by tan(ωH/c 0 ) tending to infinity, independent of the model describing the half-space. We do note, however, that although not shown in figure 1 , the asymptotic dispersion relation (5.9) admits solutions violating the restriction (5.15) which are clearly spurious. In other words, starting from the second branch, each cyan lines in figure 1 could be extended leftwards and it would approach a solution of tan(ωH/c 0 ) = ∞ in the limit K → 0. This corresponds to the fact that when tan(ωH/c 0 ) → ∞, the two sides of (5.9) can be balanced in two different ways. The first way is to allow K → ∞ (in which case both sides are infinite), as discussed earlier. The other way is to allow K → 0 so that both sides remain finite. We have also made calculations for a selection of values of φ between 0 and π/2. Qualitatively, similar dispersion curves are obtained. For instance, for φ = π/3, π/4, π/2, the first three band gaps are given, respectively, by It is seen that the greatest and smallest band gaps are achieved at φ = 0 and φ = π/4, respectively. All the dispersion curves obtained here are also of the same structure as the one computed by Erbas et al. [17] for an isotropic half-space.
Dispersion relation for a coated half-space that is subject to a finite deformation
As another application of the reduced model (3.20) , we now consider wave propagation in a coated elastic half-space that is subjected to a finite deformation. The equation of motion (2.1) is now replaced by its incremental counterpart
where A 1 jilk are the components of the first-order tensor of instantaneous elastic moduli given by (e.g. [41] )
In the above definition, W is the strain-energy function, F is the deformation gradient withF denoting its value corresponding to the finite deformation andJ = detF. We assume that the elastic half-space is defined by 0 < h is the layer thickness in the finitely deformed configuration. For illustrative calculations, we assume that the strain-energy function is given by
where I 1 is the first principal invariant of F T F, J = det F, μ is the ground-state shear modulus, and ν is Poisson's ratio. The above strain energy function may be referred to as a compressible neo-Hookean material model. It recovers the classical neo-Hookean material model under the limit ν → (1/2), J → 1 such that (J − 1)/(ν − 1/2) remains finite. In the studies of wave propagation in pre-stressed media, it is customary to consider incompressible elastic materials to simplify analysis. To take advantage of the results presented in §2 and 3, however, we find it more convenient to consider the above compressible material model and take the limit ν → 1/2 for the case of incompressibility. We assume thatF corresponds to a plane-strain state of uni-axial compression in the x 1 -direction with principal stretch λ * . To simplify presentation further, we assume that the layer and halfspace have the same density and Poisson's ratio and they only differ in their shear moduliμ and μ. Correspondingly, the elastic moduli for the layer and half-space will be written asÂ 1 jilk and A 1 jilk , respectively. It is straightforward to derive the dispersion relation for travelling waves in such a coated elastic half-space. We denote the displacement fields in the half-space and layer by u andû, respectively, and associated traction vectors by
We look for a travelling-wave solution of the form
where the amplitude functions z(kx 2 ) andẑ(kx 2 ) are to be determined. The conditions to satisfy are traction-free condition at x 2 = −h, displacement and traction continuity at the interface x 2 = 0 (namely, u =û and t = −t), and decay condition as x 2 → ∞. This problem can be reduced to a problem for the layer only, with the conditions at x 2 = 0 replaced by −t = kMû, (6.4) where k and M have the same meanings as in (2.8)-(2.10) with c ijkl there replaced by A 1 jilk . For the above travelling wave solution, the reduced model (3.20) reduces to
where we have replaced the leading-order traction vector t (0) by t. Displacement and traction continuity at x 2 = 0 implies that the above equation may be replaced by
which provides an approximation for the exact relation (6.4). Recalling the interpretation in (4.11)-(4.13), we expect that it should provide a good approximation for the branch of the dispersion curve that is associated with the surface wave-type mode. This is verified in figure 2 where we have shown the dispersion curves based on (6.4) (solid lines) and (6.6) (dashed line), respectively. The lowest branch is associated with a surface wave-type solution. The speed tends to the surface wave speed for the half-space in the limit kh → 0, and to the shear wave speed for the layer in the limit kh → ∞. The example corresponds to a modulus ratio μ/μ = 10, that is the half-space is much harder than the layer. It is found that the approximate model (6.6) gives good results for high values of μ/μ and poor results when μ andμ are comparable. Of course, whenμ becomes larger than μ, the surface wave-type mode ceases to exist, and then (6.6) becomes irrelevant. 
Conclusion
In this paper, we have derived a forced wave equation governing the propagation of surface waves in a generally anisotropic elastic half-space due to prescribed surface loading. Although all the examples considered have simple enough exact solutions, it is hoped that our reduced model will be useful in other situations where the exact solutions are difficult to obtain or too involved to allow easy interpretations. Also, since our forced wave equation may be viewed as the equation governing the forced oscillations of a string, it is possible that using this analogy expensive experiments involving a half-space may be carried out more cheaply on an analogous string. Our reduced model extends what has previously been derived for isotropic and orthorhombic materials to the general anisotropic case. The method of derivation employed makes use of the surface impedance matrix and differs from the previously used method that depends on reducing the equation of motion to two scalar wave equations through the use of Helmholtz decomposition. Although we are dealing with the generally anisotropic case, the final results are quite compact and very easy to interpret (see, e.g. (4.11)-(4.13)). Our reduced model also shares the same interpretations and extensions as discussed in [18] for isotropic and orthorhombic materials. In particular, the surface wavefront may be due to any form of time-dependant surface traction which appears on the right-hand side of (3.20) as a forcing term; the only restriction being that the surface traction should indeed produce a surface wavefront. We observe that although our derivation was presented as a leading-order analysis, the description of the surface wavefront via (3.20) is in fact exact in the sense that if Laplace-Fourier transform is applied to the original dynamic problem and the inverse transform is evaluated to extract the surface displacement, then the contribution from the pole corresponding to the surface wave speed is exactly the same as what (3.20) would give. Although the reduced model is derived with a surface wave in mind, our last two examples concerning surface resonators and coated half-spaces serve to demonstrate that the reduced model may also apply to many other situations where surface wave-type behaviour is involved. In particular, the recently considered problem for an isotropic half-space subject to an array of Euler-Bernoulli beams attached to the surface [42] can be readily extended to the generally anisotropic case. Also the developed model may be implemented as a short-wave limiting behaviour in the composite hyperbolic equations for bending and extension of anisotropic strips, in a similar manner to what has been done earlier within the isotropic context
